Abstract. We shall develop the general theory of Jacobi forms of degree two o ver Cayley numbers and then construct a family of JacobiEisenstein series which forms the orthogonal complement of the vector space of Jacobi cusp forms of degree two over Cayley numbers. The construction is based on a group representation arising from the transformation formula of a set of theta series.
Introduction and notations.
The theory of Jacobi forms was rst organized systematically in 1985 in the textbook by M . E i c hler and D. Zagier (see 4] ). In the book they provided a complete presentation of the readily known proof for the Saito-Kurokawa conjecture, which asserted the possible existence of a lifting from modular forms of degree one to Siegel modular forms of degree two. Analogous theories on various domains was substantially investigated with important results since then. Here we mention a few among them. This author and A. Krieg considered Fourier-Jacobi expansions of Siegel modular forms and introduced Jacobi forms of several variables on H n C nm , the product space of Siegel upper half plane H n and the vector space C nm realized as n m matrices over C . A. Krieg also gave a general treatment for another kind of Jacobi forms of several variables (see 14] ).
In 1993, Kim constructed a singular modular form of weight 4 on the 27 dimensional exceptional domain (see 13] ) by the analytic continuation of a non-holomorphic Eisenstein series. Therefore it is duely important t o i n vestigate Jacobi forms on H 2 C 2 C more thoroughly since they appear naturally to be Fourier-Jacobi coe cients of modular forms on the exceptional domain.
In this paper, we shall devolop the general theory of Jacobi forms on H 2 C 2 C . In particular, we are able to decompose a Jacobi form into an inner product of a vector-valued modular form and a vectorvalued theta series. By using the transformation formula of the vectorvalued theta series, we obtain a group representation of ; 2 , w h i c h is a discrete subgroup of the group of bi-holomorphic mappings from H 2 onto itself. After doing so, we are nally able to construct a family of Jacobi-Eisenstein series by using this group representation .
As an application, we shall determine the Fourier coe cients of singular modular forms of weight 4 and 8 explicitly, w h i c h p a ves a new way to construct singular modular forms on 27 dimensional exceptional domain via theory of Jacobi forms of degree two.The outcome of such construction is similar to the outcome proved by A. Krieg (see 16] ),who applied the results in his joint work with Eie (see 6], 7]) to obtain an alternative proof that a function with a Fourier expansion obtained by Kim is indeed a modular form of weight 4. This work provides a systemic and general approach to deal with the whole issue.
To describe Jacobi forms of degree two over Cayley numbers, we need notations concerning Cayley numbers as well as the modular group ; 2 .
Let F be a eld. The Cayley numbers C F over F is an eight dimensional vector space over F with a standard basis e 0 e 1 e 2 e 3 e 4 e 5 e 6 e 7 satisfying the following rules of multiplication (see 1]) 1) x e 0 = e 0 x = x for all x in C F , 2) e 2 j = ;e 0 , j = 1 2 : : : 7, and 3) e 1 e 2 e 4 = e 2 e 3 e 5 = e 3 e 4 e 6 = e 4 e 5 e 7 = e 5 e 6 e 1 = e 6 e 7 e 2 = e 7 e 1 e 3 = ;e 0 . For x = P 7 j=0 x j e j and y = P 7 j=0 y j e j in C F , we de ne the following operations on C F . 1) Involution: x ;! x = x 0 e 0 ; P 7 j=1 x j e j , 2) Trace operator: T(x) = x + x = 2 x 0 , 3) Norm operator: N(x) = x x = x x = P 7 j=0 x 2 j , and 4) Inner product: : C F C F ;! F, (x y) = T(x y) = T(y x) = 2 P 7 j=0 x j y j .
Note that we h a ve the property: N(x+y) = N(x) + N(y) + (x y).
Denoted by o the Z-module in C Q , generated by j (j = 0 1 2 : : : On the other hand,
It follows
Hence our assertion follows form the fact that
In exactly the same way, w e prove the following. Then has the properties A), B) and C) as asserted.
3. Jacobi-Eisenstein series.
As shown in Proposition 1, we are able to decompose a Jacobi form of degree two into an inner product of a vector-valued modular form and a vector-valued theta series. Now with the properties (2.3), (2.4), (2.5) of the theta series de ned in (2.2), we can characterize a Jacobi form as a vector-valued modular form. From the group properties of ; 2 and the cocycle condition of j, Note that (det Y ) ;10 dX dY is an invariant measure on H 2 .
With the inner product as given in (4.2), a Jacobi cusp form is orthogonal to a Jacobi-Eisenstein series of the same weight and index. where E l is the identity matrix of size l l.
Proof. Let S p q bethe entry of ( 2 ) The leading term in (4.7) is the total contribution from identity of ; 2 , which is given by Of course, the formula (4.7) is still far away an explicit dimension formula for the vector space J 0 k m (; 2 ) since we only know the contribution from identity. However, we can use it to compute explicitly the contribution from a particular conjugacy class of ; 2 and hence obtain an approximate formula for dim J 0 k m (; 2 ).
5. Application to singular modular forms.
Let J R be the set of 3 3 Hermitian matrices over real Cayley numbers. J R consists of matrices of the following form U ij (t) = E + t e ij , E being the 3 3 identity matrix. He proved among other things that as a function of s, E k s (Z) has a meromorphic analytic continuation in the whole complex plane. Furthermore, E 4 0 (Z) and E 8 0 (Z) are singular modular forms of weight 4 and 8, respectively. Here we shall determine explicitly the Fourier coe cients of these singular modular forms with our knowledge in Jacobi forms of degree one and degree two. 
